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V. DEER4INATIOf 0? SIZE DISMIBUTION CURVES BY MEANS OF SPECTRA OF ThE
SCATTIRING RATIO-

Wilfried Heller and M. L. Wailach2

Department ef (bloistry, Wayne State University, Detroit, Michipn

and

A. F. Stevenson
Department of ftsircs, Vayne State University, Detroit, Michigan

I. DI•OBUCTION

The preceding paper in this series dealt with the scattering

ratio, J, determirw.d at an angle of 900 with respect to the incident bean

as a means for detemin•ing particle s.ze from light scattering in mono-
3 __disperse colloidsal .ispersions of non-absorbing spheres . 7 principal

advantages of the Lu.p of 6'over a series of other possible lilght scatter-

ing techniques were found to be (a) its relative insensitivity to errors

in concentration, (I.) the fact that no instrument constant is needed and

(c) its high prospective sensitivity to heterodispersion. In view of these

adv•tae.s, the scattering ratio appeared very prouising as an argument for

determining size dietribution curves in heterodieperse system. An exten-

sive theoretical Investigation of this problem laid the foundation for a
practical applicaticn of T-spentra to this end. 'M present paeer is
concerned with this practical application . Its results apply e•wa1'r to

measurenents of the depolarization (polarization ratio at 900).

1. This work was supported by the Office of Naval Research. Se resalts
given in the present paper were presented at the 13th meting of
the American Chemical Society; Chicago, September, 1958.

2. Present addread: Film Department, E. I. DuPont & Co., Wilmington,
Del•ware.

3. W. Heller and H. Tubibian, J. Phys. Chem. _. 2059 (1962).

4. A. F. Stevensou, W. Heller, and M. L. Wallach, J. Chm. Phys. 3ý
1789 (2961).

5. Regarding other recent attempts at using light scatteringftbr a deter-
minatlon of size distributions, reference my be =do to the extensive
literature review given in reference 4.



11. HIE-? REVIEW OF T UE TEORY

The theoretikal vuriatlon of the scattering ratio6vwithOC 6

investigated previouslyT shows (Figure I to 3 in ref. 7) that its

spectrum wiill exhib Lt a Veriez of maxima and minima at constant particle

,r-e, their number 'Ye':n Sarg.•r the wider the spectral range used. As

ahbon more recentlyý tbese maxima and minima move to longer wavelengths

and become shallove.: as the syntem becomes more and more heterodisperse.

[See particular]y Fixgte 5 end 6 in ref. 4).

In order to correlate the spectral location of 6-maxim and

minim and the amplitude of the spectral oscillations of 64, with size

distribution curves, a certain basic type of distribution curve must be
assumed unless the iccesr;ible i.pactral range is extraordinarily wide or

unless a series of additiLonal h scattering criteria are used. In-

stead of using any of the varlous possibi! well-known distributions,

such as Gaussian, log normal, kmcwellian, a special type of distribution
was assumed in the precent wori:: a distribution which fitted well those
found in emwlsions. 7T.e reason for this is that colloidal eo.)sions

most likely will represernt one of the most inportant areas where this

new technique is .a..uable since electron microscopy cannot be applied
here except under vwry si.ecial circumstances. The distribution function
selected is

a(::-r ) oxy. C- ((r-r0,) /61'j, r, ()

where Cf(r) dr in tk, iyamber of particles per unit volume with radii

between r and r + dcb, C la a normalization constant, and r and a are

parameters charactczizing the distribution; r° is the radius of the

6. 4C= 2 /f) •1 ,b•r, is the radius of the sphere and i1 the Nave-
length in the surrounding medium.

T. W. Heller, W. J. Pargonis, and N. A. Economou, J. Chem. Phys.
971 (1961).
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stalest particle present in conseuentLial numers while a determines

the nodal radius r, th* balf width u) and the "half spread" (rm-ro)

of the distribution thrmgh the relations

w 0.9015 s (2)

Tbe type of distribution curve represented by eq. (1) iS similar to a

log-normsl diet-ribution Innomuch as It is positively skewed as generally

found in co.Uoidl systems. It differs from it and from any other dis-

tribution curve by the fact that it generally begins at a finite 4e (at

a finite particle size. This has to reasons: First, particle size

distributions wi'bhin the R-yleigbh zmn (ý4O<.) cannot be detendned

without additional criteria, tho respective section of an optical dis-

tribution curve being therefore meaningless irrespective of the type of

distribution assimed. Sscondl]y, and most Izxqrt•ntly, the amallest

limitting psrticlu size detez-7ined with this type of function represents

,rell the mnmber of particles present in consequential mmbera. hLis

therefore Intro~icae an additionral practically useiftl parameter for the

choaracterization of pc-ticle size distributions.

in hete.vodisporse systems, the ecattering ratio is

C;, // Cf(r drj-r, J Cf (r)d• (x)

Here J is intensity ol' light scattered, at an angle of 900 with respect

to the incident blea•• by a oingle particle of radius r, per unit solid

angle and unit intensity of the incident beam. On changing the variable

from r to dc

Zxe pantities p and q are defined by

p rv/), (6)
q - 2a 90 - (T)
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Zhe d-values corresponding to all p and q values that may practically

be encountcred in colloidal dispersions of non-absorbing spheres have

been tabulated for the relative refractive indices m _ 1.05 (0.05) 1.30

using ao a theoretical basis the Mie-theory9 .

For practical work it is convenient to normalize the data v;ith

respect to the green mercury line as the reference wavelength, ) In

the present work, where the dispersing medium is water at 25') i = -093.57A.
The corresponding norzalized p and q values

R- 2 7;rr,0 /? ) (8

qR! - 2, R (9)

As already sh8M# the practically Important qantitios

S= 0.05873qa, (10)

r=-ro = 0.0 4 5l7R:' (11)

r - 0.04517% + o.0 6 51 5pR, (12)

ro-0.0651(3PR )

fT2 actual procedure in deriving distribution curves consists of
the following steps: (1) spectra of the scattering ratio arz obtained at

various concentrations; (2) the spectrum pertinent to infinite diluation is
derived; (3) a few exploratory theoretical spectra are derived for several

pairs of p. and qR-valces; (4) the Mact PR and values are decided upon

8. " W'here,4'A Is the refractive index of the ap7eres and.,, that of

9. Tables of Scattering Functions for kterodieroe S~rtew
A. F. Stevenson and W. Heller; Wayne State UniversitPres; Detroit,

iachaign, 1961.
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.r•hich wili give the best possible ft of the theoretical and experi-

nxtntal spectrum. A number of -amriatiozt of this basic principle are pos-

sible and hnve been discussed#.

In the present work, the theoretical spectra giving the best fit

s:_,.e obtained by means of hand calculations, in order to get as Intimate

u knowledge of the sensltivLwty of tbh th:oretical spectra to pR and qR
as possible. in rystematic practical application of the method, the fit-

ting procedure by means of electronic coziputer is obviously indicated on

account of the considerable amount of time that thus can be saved. Steps

(3) am' (I0) are then reduced to a single operation.

MI. EXPERMTAL

1. Thz Syvtems Investigated

The ýxp erimental tests weri carried out on heterodisperse

latices of polystyrene, obtained by selectively mixing portions of eighteen

relsatively inoidiperse latices. The mean particle size of the monodisperle

leptcr varied cyctewatical~y from 753 to 1,300 mw I0 in intervals of about
30 mnay. Therefore e.rootb diLstribution turves of almost any type could be

obtairned Wy proper rixing. The polyztyrane systeas-ln which m closely
a;jýoximates .ý-) at 5461A-v.ere attractive also because the light scatter-

ing of monodlsp'rze polystyrene latices had already been investigatd

r.•tensively . Three heterodisperse systems were thus prepaoed, one in

,'hich the distribution approximated that given by E•u.ation 1 (H.D.l.), a

cecond ir which the distribution vas antigyimmtrical i .e. negatively

skn.red, (H.D. 2.) and a third vbsch !-as approximately Gaussian, (H.D. 3).
Each of the 3 prepared stoch mixtures had a concentration of 10 g

of polymer per 1,000 g latex. From each of them a series of dilution
were made so t~hat. Vie d-spectra could be extrapolated to zero concen-

10. 7e mnodisperse sazples were kindly provided by Dr. J. W. Vanderboff
of the Dov Cbemical Oowpay.

U a. R. Mt. rnbibern, W. Belier, and J. N. Epel: J. Coll. Sl. U, 195 (1956)
and later papers, ibid.
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tration. The higbest WAn lowest concentration opt icaolly javesti-
gateA wvithi these three dilution series were < l-.40 x 10 and
(%8) x 10- g of polymer per 1,000 6 of latex. Fbr technical detail,
reference may be made to the investigations on mrnodisperse systems
s-mne they were identical except for the fcllowing: Centrifuging was
omitted and, prior to filtering, stabilizer was added and mitrasonic
Irradiation carried (Alt for 10 miates. This vas found to effectively
disperse any aggregates that my have been present.

, IM, Optical Measureoents
The mpparatus described previously3 was used for the

preaent work also after applyJng the following modificatious- (i) A 150
candle power a.c Plointolite arc laap was em loyed as an incandescent
light source sine it combined h±g brightnes "at all wavelengths in the
visIble wIth viruwAly constant outp;., (2) Among the various diaphragm
used in the .•paratus (See Fla. I in reference 3) the following were
increased in aperture: A (4 a-5. m .), DO 4.O-05.-2 =m),
D (4. ( -i 6.4 Du.. As Jo.i previously D,: (6:7 - mn. ) uas genera&l

Tha spentrr. were Investigted between the limiting wavelengths
of h 5 10 and 597TA for H.D.-. and 2, and between 4.5J40 and 600OA for
H.D.3. In order to increase the intensity of the incident beam, I
slight.Iy larger ent rnce slit to the monoehrointor A (see fig. 1 ) was
tined than previcus3Y. The resulting increase in the low intensity
polydromatic baekfround of the narrow spectral band emerging from the
jonochrmator was largely compensated, however, by passing the light
bnn, prior to ittentry into the monochromtor, through colored
aqueot solutio . The width of the spectral band obtained from the
rionccr-brtor wie. its variation with wavelýgth will be taken into ac-
count in the results tc be discussed below

12. These solutions, acidified If necessary, contained two or mre
ciA?.inents of the following salts in a suitable concentration:

C1~)~~C1¶0 3  P~C% K2C' 2OTY co(S04), and NiCl.-
13 .ilThe vidth of the spectral band entering the apparatus varied be-

w-.en the blue and the orange from 1i to 32, 5 to 12, and 6
to 16 mLl•mlicrona in the experiments with H.D.1, H.D.2, and H.D.3,
respectively. The more i~ortant half width of the intensity dia-
txi•oution t"hro out the spectral band, which is decisive for the
response of the photocell, was of course considerably small r, but
it is the former which will be used in deteraining the maxlium
uncertainty of the results.



The solid angle do controlled by the position of diaphragm DIP
was varied within a relaiively nerro'o rsnge depending on the scattered
intensItZ required for a measurement. It•d a miniinm va3lue of
1.23x 10 and a maximim -ýalue of 9.6 x 10 " steradians. The latter
was used in the majority of measremente. This coatares with the
standard solid angle of 1.5 x 10 steradians used previously. This
angle was still vithinh3 te range where the value of the scattering ratio
is not affected as yet

The anisotropy of the photomultiplier tube was determined
quantitatively by speci experiments and was taken into account in
the nmwrical data of 6-

The actual determinations of the scattering ratio wer• carried
out according to the detailed technique described previouslyP.

3- 14.octron Microscopy
In viev of the mixing procedure used, the synthetic size

distribkftion cuwv was, of cwu.re, a priori known. Nevertheless, an
electron microacopic analysis of the final mixtures was also carried
out. Tiae opticallYQatz to be reported below are checked against these
alternate resalts • . The analysis of the electron photomicrographs was
carried out on their projections onto a large screen giving an overall
magnification of 140,000. Only the central portions of the individal
micrographs were considered in order to eliminate the effect of minor
distortions in the peripheral sections which my not necessarily be
apparent visua1.y. In order to be absolutely certain of the results

14. The anisotropr may be expressed in terms of d .,/d.4 . Here d
is the actual deflection of the galvanoter in the absence of
any scattering solution with the photomultiplier tube mounted with
its long axis in the plane of observation, its customary position
in the apparatus used. The subscripts // and., pertain to an
incident polarized beam vibrating parallel and perpendicular,
respectively, to tVe plane of observation. The ratio varied from
0.96& to 0.971 between 4500 and 6000 A. viz., by only 0.7% over
the entire spectrum used.

15. The electron pbotomicrograe-hs were kindly provided by Dr.
J. H. L. Watson of the Edsel B. .%rd Institute for 4eicw.l
Research, Detroit, MidhiigEa.
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for H.D.l and H.D.2, all particles in the central section considered
were, in addition, msured in two orthogonal directions and all those
results were rejected in which the axial ratio differed from unity by
more than 5%.

IV. RESULTS

1. Distribution Curve of the Type Glivn by Eqa. 1.

The small black discs in Fig. I represent the most

probable values of the d-data obtained experimentally on H.D.I. The

rectangle within Nich the most probable value is contained or horizontal

line which passes through it give the extr-me limits in the uncertainty

of these data. The exact width of the bw*d of incident rAiLon13 is
indicated by the horizontal dimension of the rectangle (length of the
line) while the maximal uncertainties in the numerical value of

(I1///. )o (The subscript o signifies extrapolation to zero concen-

tration) ame represented by the height of the rectangle. Among all pos-

sible theoretical curves which fit the experimental data on varying P.

and qR in steps of 0.2, Qie choice could be narrowed down to the set of four

lightly draim or dashed curves given. Thoee curves were calculated from

Eq. 6 in Ref. 16. 7y pertain to the prmeters (p, q%) of (6.8,1.4),
(6.8,1.6), (7 .0,i.4), (7.0,1.6). By interpolation between the four curves
one can f.nd one which fits the experimental data most closely; this cunre,

corresponding to pR a 6.84, 0 " 1.49, is represented by Curve I in Fig. 1.

It gives the fully drawn distribution curve in Fig. 2. (The ordinate Cf(r)
is, as stated, proportional to the number of particles, per unit volume,
whose radius is r.)

16. The theoretical date were calculated aswming that m = 1.20 over
the entire spectral range. The dispersion of m, which should be
taken into account when significant, was found not to alter the
general pattern of the results here and could therefOebe
neglected.
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The electron micoscopicaUy obtained histogram of the distri-

biution ammev(anulysis o'f 982 pa~rticles)is also sbaivn in pig. 2ý7. In
view of the expanded scale of the abscissa, the agreemant mut be con-

sidered as very satisfactory. The ek of the distribution curve

representiWg the modal diameter (Din) as obtained by the tvo methods

differe bov At the f width:, by 22*, the "balf spra" 2(rý.-ro) by onIy
2* and the uzallest pricle diamtor Do by 6%. Me theoretical curve in
Pig. I wv1ch satisfied the experimental data the lest (PR 7.O, % - 1.6)

gi•es the dashed distribution curve II in Fig. 2. It is readily seen that

it does not differ such from the distribution curve obtained by inter-

polation. Hence, one may dispense with interpolation'a if optim•n accu-
racy Is not essential.

2. Nekptively Skewed Distribution Curve

The experimental data for H.D.2(distribution curve anti-

syrmtrical to that poetulated by &a. 3)are given in Fig. 3. Te theo-

retical curve which comes closest to an acceptable fit with the exper-

imental data ic obtained by intergolation between 4 pairs o pR a nd •R

values. Th~e paimaeters of this Dirve (I", pV - 8.25, cjR - 0.85., yioeld
the normalized distribution curve I in Pf. 4. Coiparlson with the

electron rncroscoaic histogram shoews that the number distribution ob-

tained ,.s quantitative3y not satisifctory. It is noteworthy, hevover,

that the derived distribution function does, even in this case, repro-
dace the electron microscopic modal Winater to within 4%.

17. 7ho optical distribution curve is normalized with respect to the
elest~ion microscopic histogram so that they each subtend eqal areas.
, iE procedare was adopted with all the systems investigated.

18. Normalization of both experinental and theoretical data repre-
sented In Fig. 1 with respect to the data at the reference vave-
lorgth msy facilitate the analysis end in favorable cases iuropve
the accuracy of the remults.



%he fact that the distri•btion curve obtained frm UIaV

scattering doviatee hbre from the actual one is of courso not sur-

prising. mnueed, it is very gratifying to fiee frM Fig. 3 as copared

to YU. 1 that a radica deviation of the distribution curve from that

assuzad mn'fests it&elf immediately by the fact that no theoretical

Ragtngu can be MaM Vhich satiafies tbe WOerimental one in satia-

factory It over a sufficiently extensive spoctral ralw .

Oni risk of obtaining fictitious dstribtion curveo from light scat-

tering spectra is therefone qulte am" since the boosibility of a

oatisfeatory fit between theoretical and experimwntal spectra reprebento

an automatic chaeck.

The "ewtion naala r arises as to what mys usefully be done In

abeence of a satlefactory fit. 2be possibilities of resolving the pro-

bU= vi1fl be discussed in soction V with empbasis upon one possibility

adqpe2 In tb present vr.

3. Gaussian Distributton

Considering, flnally, L.D.3 with its normal distribution

curve, 1,g. 5 gives the exporimmutal d (A) data and, in addl It , the

intei-polatled beet fitting tbeoreticalt((, )-mcurve cberctrirad by
pl 5.65, % - 1.90. lbe size distribution obtained firm this beat

a - )-curve is compred with the electrot miciroscopic histogra In
Fig. 6. The modal diaturs agree to within 5% which is, like in the

case of H.D.l and i2, withia the uncertaiat of the electron microsopic

histo&rsm. Tba half width agrees to within W1%, and the value for the

Mutlat particles present in conseg ial ra Mers to within 3h%.

Z*oix". d atrIlition curves can, therefore, be analysed satisfctorilyv

with the methd oiltined. Un deviations of tho best fitting theoretical

rpe=%n from the wrrlm•ntal spectrun are distinct, but aooideraby
smller than in the preceding instanc (H.D.2). 2bmrsefore, very precise

.e eUentJ t ame necessary in order to give a clear indication.•.s

appaent fvs FMS. 5-that the distribt••on curve Is not Paly in line

vith that asued.
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V. DM4DW?1ON OF SIZE DL9MMT¶ItIOt CURVES WM • N]CAL

AND LXTRUXWAL S'-S1MCM DO NOT KUM SATISCIM3ML

Tn absence of a satisfactory fit between theoretical

and experimental f-spectra-which indicates non-compliance of the actual

distribution cuar. with that assumed, one has the choice between four

possibilities, three of which have already been briefly discussed .

(1) A first aMoximtion method based on caý.l intero lation.

The size distribution curves for H.D.1, H.D.2, and H.D.3 were

obtained by interpolation for the proper PR and qR values from four of

those *( 1) curves which came closest to satisfying the experimental

data. Aa alterarte metbod since then adopted consists of picking two

curves only, selected in such a manner that all experimental points are,

througahot the eutire spectrum, contained within the area between the

two curves. One tbasw establishes two distribution curvet. While they

differ very little if the actual distribution curve is of the positively

skewed type, i.e. if the area between the two theoretical spectra is

very small, an appreciable dIfference is found in other ciraumstances.

Graphical interxllation betweea the two curves yields then a distri-

bution curve appro-imating that of the system. This interpolated curve

clearly deviates from the type given by eq. (1). It may, in extrem 0800

be primarily nestively skewed or even bimoda11 9 .

(2) -eond 'oxmtion method based on the use of a two tern eqvation.

As already pola ted out previously 5 , the rigidity with which the

basic type of distribution is fizd by eq. (1) can be removed by adding a

19. Since in practical large scale application of the methods outlined
here, cacuter fitting of theoretical and experimental spectra Is
highly desirable; the procedure to be adopted in the present instance
is the eIipendent match of two halts of the spectrm and a subes.ent
match of the entire spectrum. If the minim' sum of the absolute
deviations (or of their squares) fruu the eperimental data has in all
three instanoes approximately the eame value,, eq. (1) applies. Other-
vise, the couater will have to be ordered to derive fram the two
cUplete spectral curves the arithmetic mean. The latter result is
that Corresponding to the first appoimetion ,otbod outlined.
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second term. This giveo

9,'.r) -- f r,•os) + (ClCz) fr( ,rol,s '` (14)

This eqwtion vas applied to H.D.2, using anaJyticaJ. principles

aLiscussed previously4 . Tbe heavily drawn curov II in r-ig. 3 shows the
theoretical dtA ) curve thus obtained and thp heavily drawn curve In in

Fig. o4 represents the resulting distribution. It agrees wtiafactorily

with the electron mieroscopic histogram. In particular, the mmber dis-
tribution is esaent ial3y correct and, in addition, the tail towards the

small particle size, rnge is reproduced satisfactorily. it vill be. noted

that the modal diemter is the same as before. "on using rather eq. (1)].

The only unavoidable artifice introduced by the sezond tern is the sudden

change in slope vhý.ch occurs -n the _v.esont Instan•-ýe between Do and DM_

In practical applicatior, it viaai ': >e reasonable to smooth out such a kink.

On using the t1o term equatlcn, It is necessarl to know the

individual theoret-.c3 values 1f I// and I, or KI/, and KI where K is a

constant at a given r-ayelength. This Information is Included in the tables

referred to above9

The task of finding the proper p) and o-values can be simlified
considerably by using the two limiting distribution curves established ac-

cording to the first approximation procedure discussed above (V, 1). AzW

of the two curves provides the p, and % values while the other provIdes

the pi and • values. The proper C,/C1 is ftound by successive aprozxmation,

but, in general, no error of =onsequence vil. be committed on assuming that

CWC1 = 1.0.

(3) Other Posibilitie.
Two further poassbilities, which already have been discussed

brief'y are at present ander iru-eatiatton, but no statement can be asde

as yet on their practical advantxe over the P preceding procedmree.

Frst of alU, one miy, in absence of a satisfactory fit, test the ex-
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perimntal (-spectrun successively aw nst theoretical speetm result-

Ing fro 2 or 3 obaracteriatically differeat theoretical prototy:e of

diotribiztion function&. -%U procedure mkea the use of &n electronic

coupater mnanatory.

The second additional possibility whic-theowetiou.l1y at least-

Is the most attractive one consists of deriving from scattarirg dta a

distribution cue vit•out znunit any assuiption whetse r aboAut its

character. While this is, in principle possible, It is necessary to

increase the mmfter of exV.rimantal data considerably if a single val-

ued answer is to be obtained. In other words, Ini addition to "<-spectmr,

turbidity spectrm (discussed in a mabsee•ent paper) and the variation of

amttering with the angle of observation mast be inclxted as experimental
arumnts.

V. Simplification of Procedue If the Objective In Isrely
_e Determination of the Peak of -e DiutrIbution Curve

Or of the Mber Average Particle Size.

Fbr =uW purposes, paiticular3.y In Izxldstrial control

work, it Is less imrtant to kwy all t1 details of a particle sin

distribution, than it is to determAine the particle diameter, D. - 2m at

which the distribution ban Its peak (moda diameter) or the uziber

avorsge particle diameter, D,. The aimlflonatlon, vbich are then pos-

sible in the procedure described become appsarent on the basis of Tab] I.

It lists in tb first row % (,>-r,)ad Sx % sobtainedbfr all three
systams frm d-spectra using eqz. (1). %be percent deviation of the re-

ultsr relative to electron microsopic deteoradztion Is given in pereu-
theses. (7, deviation is considered positive if the light scatt•erin

value is larger) 2. The second row oontaJns the correeponding data ob-

tained on using the two termJqn. (.14) for H.D.2.

It is seen that the deviation in DMIs tbhroudt witbn the lUmits

of uncertalnty of electron m1.roespic e mamaremnts (about 5$) even on

20. The deviations were evakated b mans or poiy@s inscribed In the
histogrms of Wi's. 2, 4-and 6. Mmy vere erased prior to re-
prodzction of these fLeires.
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Mpp3ng 0e2. (1) to a westm vith a cbaracteristically difftrent d±..

tribatiom crve (B.D.2). A very r fit of eaerimata1 and th -ret-
ioo3. dl.mpectra is therefore sufficient in order to obtain a satis-
factory vaue fbr Dm-. This is lMy1, due to the ftc that

DX a 0.0904qR ~ + O-I 3Q 3  % (15)

i.e. D. varis, o$ uslowly vith • and pR. 2m#a the four distribution
cums derived &= the four thaoretical spectra in Fig. I dlfbr in
D6 IV less than 2$. This feet and, pexticlarla2 , the vWr Uatlb.0titor

D.value obtained for fl.D.2 shows also clearly thmt coincldmsoe of%
obtained both t light scattering and tr another metbod I no w mmantee
wbateoever that the distribtion cur aawmed applies to the uten
under inventigatioa. It Li Important to note that this applies, of
oirsea, also to other poeoible experimental criteria, srch as turbidity
spect-m or angular variation of scattering and to the use of other
theoretlal distribtion ftictions. In contradiatinction to D the
valme of Dois very sensitive to the Vp or distributlon eammud as u-
parent fnm the data of H.D.2 and R.D.3 as ccaied to R.D.11I

t steawnts made vith. regard to D. apl., in a first qpai±-
motion, also to the mabe- avvrq particle dimate.r,

% 0.06515 (1.476 % + 9.000 pR) (16)

as the sIx Ibirity oC the maerical coefficieatsa In e~pe. (15) eAn (16)
Indicates.

A partic~ularly giqpU situation arises itf is jpreosb2r larlpr
then qR It fllovsa then frrm equ. (15) and (36) tliatx in a first

1)ti eig aI) D pect~Ively are Girectbj pZopcaUCnMl top.
In Other vords,, It Is then possible to derIve D. (iS) frm a sagim)
eaurement at the refteenm= vavength. MIS is tested in the thUd

rn of Table I for D1. goes data are siqpi3 Obtained fr ra

21. 2 ele9r0= microscopl Y&2= of r was obtained t
those amalist pusticles ubee tota2 u*e s" 2lob than I per cent
of anl the particles.
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at the green Hg - line on associating with the d-value that dina ter

which would obtain if the system were monodisperse. (31r this purpose

the theoretical data gliven in reference 7 were used). The error

relative to the riuraus D-vulues in row one of Table I is clearly

4- 5 % througbout. Conse.uently, this procedure is gaantitatively acceptable

up to a PRR ratio of about 0.35. This msans, in practical term, a

distribution curve ilose half width is not more than about one third

as large as the smallest particles present in consequential mmbers.

Thus, if, for instance, a distribution starts effectively at about

0.5 microns, D. (and B3 ) will be obtained from a single monocbromtic

veasurement. vith an error not in excess of 5% if the halftidths 1i not

in excess of 1.60 allimicrons. This is essentially equivalent to re-

quiring that no ptxrticlec ahould be present in consequential rnmbers

below 500 millimicrons nor above 800-850 al"lmiucrons.

If q% is app eciably larger than PR' D. and % vill, in a first
approximation be proportional to %, again according to eqs. (15) and

(16). Therefore in strongly heterodisperse systems in which signifi-
ea&n numbers of particles are. present even within the lowest section
of the colloidal range, the approximate .%,ne of (B ) obtained at
a single wavelengti is, in first approximation a relative measue of

the degree of heterodispersion of the system.

VII. THE RANGE OP PRACTICAL USEMAU, OF ME LIT CATTALNG MNMOD
IN COWWrION WUI." THE PRO0, OF SIMZ DIWMMI]TIMOI.

One of the most attractive features of size distribation deter-

minations from ight, scattering is the fact that the systems under

investigation are not interfered with, in contradistinctlon to all

other known methods. From the theoretical4 and exper-ual Inumsti-
gation-includng experi•wntal evidence obtained after conclusion of

the present workL2 it follovs that the singlevaluedness and aeOCaoM
of data obtained from scattering depends on the spread of the d:istrL-

22. Data obtained in this laboratory by Ploduy Wu, and, more recently,
by Bttye Greem (to be published later).
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bution curve and on the size of the smallest particles present in

consequential mmbers. The role of the latter Is relatively minor.

From Fig. 2 (ref. 4), it follows that the sensitivity of the method

should increase with p. On using visible light, an optimmi can, bow-

ever, be expected at a particle diameter in excess of several microns

since then the mnuber of maxim and minima per unit spectral range be-

comes too larSe to he measured conveniently. The width of the distribution

curve, on the other hand, in far moorinportant;FPig 3 (ref. 5) shows

that at q-values-7P.5,e varies, at constant p, only slowly and early

linearly with q. The sensitivity of the method is therefore opti=Ll

at q-values <2.5. This corresponds to a distribution curve with a half
width not in excess of about 200 mill.lmicroas, and an entire spread not

in excess of about 400-500 millimicrons, if visible light is used2 3 .
14

It follows from Fig. 3 that for q > 25, at a given d'

Aq + Sp Cpq'--constent (17)
so that in the absence of a =merically large spectral variation of d,

(maxima and miaim being then essential.y absent), a relatively large

number of p and q combination my satisfy the same spectrum. This

problem is, clearly, not lftited. to the use of eq. (1) nor to the use
of the experAmentae. criterion used here ý&(-spectra). It is bound to

be encountered also on basing the analysis on other types of distri-

bution or on using as experimental criteria turbidity spectra or the

variation of scattering with the angle of observation. The lack of

singlevaluedness of results to be expected, therefore, in very hetero-
disperse system can be relieved, however, bV using in addition to

6-spectra the two essentially euivalent criteria just named. A
subseqgent paper in this series will. be concerned with this possibiity.

23. Mhe allowed spread increases in direct proportion to the wave-
length. It is at least 1000 times larger at radar wavelengths.
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I. 4.s ctnm of H.D.12 a system confonLLng to thedistritbution aamm~ed In equtin l.

black circles: most probable experimental value.

rectangles: w!xbflm experimental uncertainty.

curves: theoretica spectra.

2. Size distrIbution curves of H.D.l.

I. Dezrived from best fitting interpolated theoretical
(-spectrm.

II. Derived from approximately fitting theoretical

O-spectr¶m.

Histegpaw: electron microscopic distribution curve.

.g~pce3LM f . _____ Cmfpivly kwdst ,,AbutLo )

I. Best possible theoretlcul d-spectrum achieved

by means of eq. (1).
II. Dtter theoretical ,r-spectrum obtained on using

equation (14).

Figur 4. Size distributimo curve of H.D.2.

I. Using one-term euation (1).

II. Us6in -sr'o-term eioatno (14).
ftreL..f•et• of H.D.3 (Gauzsian distribution).

Fivare 6. Size distr~ibutio9n of H.D.3.
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